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Abstract 

We construct an explicit supergravity solution for a configuration of localized D4- 
brane ending on a D6-brane, restricted to the near horizon region of the latter. We 
generate this solution by dimensionally reducing the supergravity solution for a flat 
M5-brane in R 1 ' 7 x C 2 /Zn with the M5-brane partially embedded in C 2 jZ^. We 
describe the general class of localized intersections and overlaps whose supergravity 
solutions are constructible in this way. 
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1 Introduction 



Much of the recent advances in string theory are derived from the properties of brane 
objects which exist in the theory. Originally, these objects were formulated as a p-brane 
solution [1] to the supergravity field equations which are the low-energy effective descrip- 
tion of string theory. The solutions described in [1] were flat along the world-volume and 
spherically symmetric in the directions transverse to the brane. A possibility to study 
these objects microscopically was opened following the realization that certain class of 
these branes are D-branes, a type of topological defect on which a string can end [2]. 
Even branes which are not D-branes can in general be thought of as their duals. 

From the perspective of string theory, it is easy and instructive to consider a more 
complicated configuration such as localized (as opposed to smeared) intersections and 
junctions of strings. Wide range of applications of these brane configurations have been 
discussed by many authors, including such topics as the brane construction of gauge 
theories [3], Blons [4, 5], string junctions and networks [6, 7, 8], just to name a few. 
Related configurations for topological defects in ordinary field theories have been discussed 
in [9]. 

It is natural to wonder the extent to which phenomena associated with these non- 
trivial brane configurations could have been discussed in the original formulation of branes 
as solutions to the supergravity equations of motion. This question is of acute interest 
especially in light of the recent realization that supergravity provides an effective dual 
description to strongly coupled large N gauge dynamics [10]. Unfortunately, progress in 
this line of investigation is obstructed by our lack of knowledge of the explicit supergravity 
solutions corresponding to these backgrounds. Localized intersections break the spherical 
symmetry along the the transverse directions, and techniques for solving supergravity 
field equations in such a general context is not yet known. Indeed, explicit form of the 
solutions are known only for the few special cases [11, 12, 13, 14, 15]. 

Recently, interest have focused on the near horizon geometry of branes following the 
work of [10]. By restricting one's attention to the near horizon geometry, the problem 
of finding supergravity background corresponding to localized intersections also simplify. 
Explicit expression for D-instanton localized in the near horizon AdSs geometry of the 
D3-brane and its relation to gauge theory instantons were discussed in [16, 17]. 

In a related but independent line of development, the authors of [18] have shown that a 
certain localized brane solution can be derived explicitly in the near horizon region of the 
D6-brane. The main observation behind [18] is the fact that the near horizon geometry of 
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N D6-brane in type IIA supergravity admits an interpretation as a dimensional reduction 
of 11-dimensional supergravity on R 1 ' 6 x £ where £ is an ALE space C 2 /Z N [19]. It's 
universal cover is therefore the flat 11-dimensional Minkowski space. The authors of [18] 
then considers the supergravity solution of the flat M2 and M5 branes embedded in the 
R 1 ' 6 part of the universal cover. By moding the action of the group and reducing to 
type IIA, they constructed localized supergravity solutions of D2 and NS5-branes in the 
near horizon region of the D6-brane, as well as other configurations related by U-duality. 

The main goal of this paper is to point out that it is possible to partially (or entirely) 
embed the M2 and M5 into the ALE part of the space in such a way that these branes 
are flat in the universal cover. Therefore, by following the same steps of orbifolding and 
dimensionally reducing, one can obtain an explicit expression for a new class of localized 
brane geometry in the near horizon region of the D6-brane. Although these solutions are 
far from being general, such an explicit solution might serve as a useful aid in the on-going 
pursuit for a general construction of supergravity solutions for localized intersections. 

This paper is organized as follows. We begin in section 2 by reviewing the basic 
construction of the near horizon D6-brane geometry as a dimensional reduction of an ALE 
orbifold, and present an explicit construction for the space-time background of a localized 
configuration of D4-brane ending on a near-horizon core of the D6-brane. In section 3, we 
explore a general class of brane configurations which can be obtained using this method 
and present few more examples, including the overlapping NS5 and D6-branes. Comments 
and conclusions are collected in section 4. 

2 D4-brane ending on D6-brane 

We begin this section by briefly reviewing the basic construction of the near horizon 
geometry of the D6-brane as a dimensional reduction of an ALE orbifold. This was 
essentially worked out in [18, 19] but we repeat it here for completeness and to fix the 
notation. 

Let us begin by considering 11-dimensional supergravity on R 1 ' 6 x £ where £ is an 
ALE space of type An-i- For our purposes, it is convenient to think of this space as 
a Z N orbifold of (v,w) G C 2 under the action (v,w) — > (e 2m / N v,e 2m / N w). By setting 
v = x$ + ix 9 and w = x 7 + ix w , we can think of R 1 ' 6 x £ as R 1 ' 10 /Z N with Z N acting on 
(7,8,9,10) coordinates. 
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The metric on R 1,w is simply 

i=i 

To make the Z N action on this background transparent, it is convenient to change variables 

w = x-j + ix\Q = pe 1 ^ cos(6>), v = x% + ixg = pe 1 ^ sin^) (2.1) 

with ranges < 9 < n/2, < (j), ip < 2n, and < p. Orbifolding by Z N instructs us to 
identify (<fi, tp) ~ (0, ip) + (2tc/N, 2tc/N). In terms of these variables, the metric takes the 
form 

ds 2 n = dx\ + dp 2 + p 2 (d6 2 + sin 2 (6)d^ 2 + cos 2 (6)d0 2 ). 
Further change of variables 

6 = 26, if; = $ - (f>, x u = Rn<P = R n N4> 



U 



P 1 



2JVi p 3 ' 



(2.2) 



leads to a metric of the form 



/ 3 /V / 3 /V/7 9/7/ 3 NR 

ds n = dx \ + -W dU2 + 2 {d6 + sin ^ d ^ + A^7 [rfXn + ^T^ 08 ^ ~ ^ 

where xu is periodic under shift by 2nRn. Dimensionally reducing along i u leads to a 
type IIA metric of the form 



ds 2 



a 



9ym V N 11 (27r) 2 V2f/ (2tt) 2 V2 



9 2 ym ( 2U ] 
2tt 



3/4 



WymN) ' 
cos(#) — l)dip, 



where dVt 2 , = r 2 (d6 2 + sin 2 (9) dip 2 ). This is precisely the type IIA supergravity background 
for N D6-branes [1] in the near horizon limit [19] 



17 =l^ = fixed, = (2ir) p - 2 g st F- 3 = fixed, p = 6, 

a 



a 



0. 



(2.3) 



The authors of [18] pointed out that a similar procedure can be carried out starting 
with a background of n M2-brane extended along the (0,1,2) direction and embedded 
anywhere in the (3,4,5,6) direction and into the origin of the (7,8,9,10) coordinates of 
R 1 ' 10 . The supergravity solution for such a background takes a simple form 

ds 2 n = f~ 2/3 (-dx 2 + dx\ + dx\) + f 1/3 (dxj + dx\ + dx\ + dx\ + dx 2 + dx 2 8 + dx\ + dx\ ) 
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dx A dxi A dx 2 
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and is invariant under the action of Z^. Here, / is the standard harmonic function 
for the M2-brane. One can therefore orbifold and dimensionally reduce along the same 
coordinates as in the pure ALE case. Since the dimensional reduction maps M2 brane 
into D2 brane, one obtains by this construction a supergravity solution for D2 brane 
localized along (3,4,5,6) coordinates in the near horizon geometry of the D6-brane. Similar 
procedure using the M5 brane leads to a construction of NS5-brane localized within D6- 
branes. 

The main point of this paper is to show that a new class of brane configuration can 
be generated using the same technique as [18] but letting M-branes partially (or entirely) 
wrap E. As long as such embeddings arise from orbifolding a configuration of flat M- 
branes in R 1 ' 10 , one can orbifold and dimensionally reduce the M-brane supergravity 
solution. In the remainder of this section, we will discuss one concrete example in detail, 
the configuration of D4-brane ending on a D6-brane. Generalizations will be discussed in 
the following section. 

D4-branes arise from double dimensional reduction of M5-brane, so let us consider a 
configuration of M5-brane in R 1 ' 10 oriented along the (0,1,2,3,7,10) direction, localized 
anywhere along the (4,5,6) direction, and localized at the origin along the (8,9) direction. 
The Zfq orbifold group acts on complex coordinate w = x-j + ix\o and v = x$ + ixg, so 
such a configuration is invariant under the action of Z N . The idea is simply to take the 
metric of M5-brane in R}> w 

ds u = f~ 1/3 (-dxl + dx\ + dx\ + dx\ + dx 2 7 + dx\ Q ) + f lz [dx\ + dx\ + dx\ + dx\ + dx$ 



perform the same manipulation performed in the above. Since all this is quite straight- 
forward, we simply quote the result here: 



Aq = — - — dxo A dx\ A dx 2 A dx^ A dx 7 A dxi 
where is the Poincare dual of the 3- form of the 11-dimensional supergravity, and 




ds 2 



9ym V N 




fA 3 / 2 dU 2 




(1 - cos(0))# 



-A 1/2 sm(6)dUd6 
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en ff~l\ {ll(l + cos(6)) llUwn(6) \ 

A (5) = dXo A dXi A dX2 AdX3A i pK K !! du - v — v 1 de 

where 

l + /+(l-/)cos(fl) i + /-(!-/) cos(g) 

V V 

f = 1 + r 2 = Y,xj + 2iV^sin 2 (^/2). 

r i=4 

To derive A^ 5 ) , we used the fact that 

dxt = ^dU + ^de + ^# + p-dxu (2.5) 
dU de dip dxu 

This, therefore, is the metric for the localized intersection of a D4-brane and a D6-brane. 
A useful check is to see that the above expression simplifies to that of pure D6-brane near 
horizon geometry upon setting / = 1. Note that the D4-brane is ending on instead of 
piercing through the D6-brane, as can be seen from the geometry of the r = locus. To 
emphasize the point that this is a classical supergravity solution, all dependence on l s , l p , 
and g st can be scaled into (recalling g\ M = (2ii) p ~ 2 g st l P ~ 3 ) 

V = a'U, Y = 9 -^, i? 3 = 7r< 



2 

In these variables, the background becomes 

ds 2 = ^(A 1/2 (E^ + ^dx 2 ^+^/A 3 /W 

y 3 / 2 VV ^fA 1/2 Ade 2 + A" 1 / 2 sin(#) 2 # 2 + i^—^A 1 / 2 sin(0)dy^ 
A w = A _1 y(l - cos(e))dip 

A® = (L^J dx A dx x A& 2 A& 3 a( 1 + C 4 ° S(g) dy - 
1 



with 



/=1 + ^, r 2 = ^x 2 + 4 2/ Fsin 2 (^/2). 



r 



i=4 



5 



3 Some generalizations 



In the previous section, we discussed one concrete example of spacetime background gen- 
erated by orbifolding and dimensionally reducing a configuration of flat M-brane in R 1 ' 10 . 
In this section, we will describe the scope to which this construction can be generalized, 
and present some examples. In M-theory, we have M2 and M5-branes to serve as our 
basic building blocks. One can in principle wrap any part of the M2 or M5-brane world 
volume in the R 1 ' 6 part of the target space and all the rest in the £. The embedding 
into £ must be such that enough supersymmetry is preserved to ensure the stability of 
the configuration. The issue of supersymmetry is easier to address in the case where the 
number of dimensions embedded into £ is even, where the allowed embedding geometries 
are holomorphic curves. The possibility therefore is to embed none, two, or four of the 
world volume coordinates of the M-branes into £. Embedding none of the coordinates was 
the case discussed in [19]. Only M5-brane can be used to embed four of the world volume 
coordinates into S, and this leads simply to a configuration of D4-brane and D6-brane 
sharing one space and one time coordinates, and relatively transverse in the remaining 
eight coordinates. The example described in the previous section falls in the category of 
embedding two of the world volume coordinates into S. In the remainder of this section, 
we will elaborate on this possibility and present further examples of supergravity back- 
grounds for brane intersections. We will focus mainly on embedding M5-branes although 
it is straightforward to extend these results to M2-branes. 

We are interested in finding a holomorphic embedding of complex plane into E. Sim- 
ilar holomorphic embedding of two the world volume coordinates of the M5 brane into a 
Taub-NUT space was discussed in [20]. These authors studied the M-theory origin of the 
Hanany-Witten transition between D6 and NS5-branes [21] by considering a generic holo- 
morphic embeddings in Taub-NUT space and studying its limiting behavior as the radius 
of 11-th circle at infinity is sent to zero. For our discussion of constructing supergrav- 
ity solutions, however, we must restrict ourself to the near horizon ALE geometry, since 
the fact that the M-theory lift is an orbifold of flat space is crucial to our construction. 
Furthermore, we are restricted to flat embeddings. 

The flat curve describing the embedding of the previous section was simply v — 0. 
In general, flat embedding in C 2 is given by a linear curve v — aw = b, where a and b 
are complex parameters. We are further restricted by the requirement that our brane 
configuration be invariant under the action of the orbifold group which sends (v, w) to 
^ e 2Tn/N v ^ e 2m/N w y This requirement can be satisfied by adding images, or equivalently, 
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by taking 

(v-aw) N = b N (3.1) 

as our embedding curve. In the remainder of this section we will describe the geometry 
and the supergravity background for this brane configuration. 

3.1 Geometry of the brane 

Let us first describe the geometry of this brane configuration from the point of view of 
type IIA near horizon D6-brane point of view. The embedding (3.1) turns out to describe 
a paraboloid oriented along the axis 

a = tan(0/2)e^ 

with the focus located at the origin. This is demonstrated by taking the norm of (3.1) 

\v — aw\ = \b\ (3.2) 

and applying a chain of change of variables. Let us assume without loss in generality that 
a is real. The specific change of variables are as follows. First apply (2.1) and (2.2) to 
express (3.2) in terms variables U, 9, ip, and x u . Then go to Cartesian coordinates by 
defining 

U x = [/cos(0), U 2 + iU 3 = C/sin(0)e # . 
Finally, rotate the coordinate system by defining 

u 1 = (^u 1 + -^- 2 u 2 , u 2 = -^- 2 u 1 + (-^ 2 u 2 , u 3 = u 3 . 

1 + a 2 1 + a 2 1 + a 2 1 + a 2 

In terms of these new variables (3.2) becomes 

Ul -~2(l + ai)l p 3 N + 2^ ^+ U s) 

which shows that this is indeed a paraboloid. We are also interested in how this paraboloid 
is embedded in the xu coordinate. A convenient way to address this issue is to parame- 
terize the paraboloid by z = v/w which amounts to labeling the points on the paraboloid 
by its intersection with a ray from the origin oriented along z = tan(#/2)e*^. In terms of 
z, (3.1) is simply 

h N 

w N = — - . 

(z - a) N 

The analytic structure of this embedding is now very clear. There is a pole at z = a and 
a zero at z = oo. This means that w winds once around the complex plain if one winds 
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U2 U2 




Figure 1: Configuration of branes embedded according to (v — aw) N = b N in the natural 
coordinates of the near horizon D6-brane geometry. Here, a = 1 indicated by the fact 
that the paraboloid points along the U 2 direction. As b — > 0, the paraboloid degenerates 
to a "string" like geometry. 

z around a, and w winds once in the opposite direction if one winds z around oo. The 
points z = a and z = oo corresponds to the point at infinity and 9 = ir, respectively on 
the paraboloid. Since winding once in w corresponds to winding iV times around Xn, we 
find that the paraboloid winds N times around circle of 11-th dimension around these 
two points (See figure 1). 

The effects of adjusting parameters a and b are easy to understand. The parameter 
a controls the orientation of the paraboloid whereas the parameter b controls the eccen- 
tricity. For a generic value of a, the parabola degenerates into a thin tube as we send 
b to zero. In this limit, the point at 9 = n also approaches the origin, and we recover 
the configuration of D4-brane ending on the core of D6-brane as in the previous section. 
The case where a = oo (keeping b/a finite) appears to be an exception of this general 
behavior. In this case, the axis of the parabola also points along 9 = n direction. This 
will cause the zero and the pole in the z plane to merge, resulting in a configuration that 
does not wrap the 11-th direction. Taking b/a to zero will also degenerate the paraboloid 
into a tube, but it will not wind around the 11-th direction and should not be thought of 
as a D4-brane. Instead, it a highly curved configuration of NS5-brane stabilized by the 
gravitational background of the D6-brane. 

What we are finding is the point 6 = and a = oo is a special point in the moduli- 
space of curves (v — aw) N = b N . The moduli-space of brane configurations with different 
topology of winding around the 11-th direction is meeting at this point. This structure is 
strongly reminiscent of the Hanany-Witten transition [3, 21]. 
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3.2 Supergravity Solution 



Now that we understand the geometry associated with this embedding, let us discuss 
the corresponding supergravity solution. Although the procedure is very straightforward 
extension of the result of [18] and the previous section, the explicit results are rather 
lengthy and cumbersome. We will therefore present only schematic results in this section. 
Enough details will be present so that explicit results, if desired, can easily be reproduced. 

The curve (3.1) describes N parallel M5-branes in R 1 ' 10 . This will naturally separate 
the (v,w) plane into components parallel and transverse to these branes: 

z\\ = , =(w + av), z± = , =(t> — aw) (3.3) 
1 + \a\ 2 \ 1 + \a\ 2 



The supergravity solution describing these N sets of M5-branes is 

ds 2 n = f~ 1/3 (-dxl + dx\ + dx\ + dx\ + dz\\dz\\) + f 2/3 {dx 2 4 + dx\ + dx\ + dz ± dz ± ) 
A {&) = l—^dxQ A dxi A dx 2 A dx 3 A ^3lA^3)j (3 4) 

where the harmonic function / encodes the fact that there are N sets of M5-branes 

/ = 1 + E ^ rl = xl + xl + xl + \z- be^ N \ 2 - (3-5) 

k T k 

All that remains to be done is to follow the change of variables (2.1) and (2.2) and to 
dimensionally reduce. The only subtlety that arises for this general case is the fact that the 
harmonic function / can have explicit dependence on x n . This means that background 
massive Kaluza-Klein fields are generated when (3.4) is dimensionally reduced. These 
massive Kaluza-Klein excitations can be eliminated if, instead of localizing the M5-branes 
in the original R 1,10 space along a polygon, we smear along the circle of radius This 
will change the form of the harmonic function from (3.5) to 

rl TITll 3 

f = 1 + N l dq ( x l + x l + x l + \ P z - be ^)^- (3 - 6) 

Of course, to leading order in large N, the background is already smeared and this extra 
step is not necessary. 

Since these backgrounds describe coexisting D4-branes and NS5-branes in the near 
horizon region of the D6-brane, it would be interesting to examine the behavior of RR 
5-form and NSNS 6-form (Poincare dual of NSNS 2-form) in this background. Here, we 
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seem to encounter a small puzzle regarding these backgrounds. Let us illustrate this with 
some examples. 

First, consider sending a to zero so that we have a curve v N = b N . If we also set 
b to zero, this reduces to iV-fold copy of the situation discussed in the previous section. 
There, we found that only the RR 5-form background and no NSNS 6-form background 
was generated, which is appropriate for a background consisting only of D4-branes and 
D6-branes. The fact that only RR 5-form follows from the fact that the M-theory 6-form 
(3.4) contains a factor 

(jji^i) = dX7 A dXm = gd+^w)^ A dXn _ l P^w de A dXiu ,3. 7) 

which is to say that the factor of dxu is always present. Therefore, this 6-form was 
guaranteed to reduce to a 5-form in type IIA. 

Although this was perfectly fine for v N = 0, this is somewhat troublesome for v N = b N . 
For by increasing b to non-zero values, what used to be a string-like object (tensored with 
R 1 ' 3 ) blows up into a paraboloid (times R 1 ' 3 ). It would seem such an object is better 
described as NS5-brane, and we would expect NSNS 6-form to turn on in this background. 

On the other hand, dz\\ does not change under change in b (3.6). Only the form of the 
harmonic function / changes with changes in b. Therefore, the 6-form in 11 dimensions 
will always have a dx u component, and the 6-form will always reduce to RR 5-form in 
type IIA. 

Similar paradox appears for other configurations. For example, if we consider the 
curve in the a — > oo limit w N = b N , where the brane is no longer wrapping the circle 
in the 11-th dimension, we expect not to have RR 5-form in the background. It can be 
easily checked, however, that 

Z?(l - cos(0)) , . l 3 n U sin(e) , x , x 

dx 8 Adx 9 = p .„ - dUA(dx n + NR n dil>)+ ; dO A(dx n + NR u di/>). (3.8) 

4-Rn 4itn 

This time, the M-theory 6-form has components containing and not containing the factor 
of dxu- This means that when reduced to type IIA, both RR 5-form and NSNS 6-form 
is excited. 

Finally, consider the embedding v — aw = 0. We showed that this embedding describes 
a parabola that collapsed down to a thin tube, and should be thought of as a D4-brane 
stretching along a = tan(6*/2)e^ and ending on the D6-brane core. However, ^dx\\ A dz\\ 
will be some linear combination of (3.7) and (3.8), indicating that both NSNS 6-form and 
the RR 5-form background is turned on. 
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It is not clear if this apparent mismatch between the "identity" of the branes and 
the differential forms in the background is really a problem. Perhaps there is no clear 
distinction between NS5-branes and D4-branes in the near horizon region of a D6-brane. 

4 Discussions 

The main goal of this paper was to demonstrate that a certain supergravity solution for 
locally intersecting branes can be derived by taking a flat configuration of M-brane in 
R 1 ' 10 and acting by quotient group and dimensionally reducing to type IIA. As a concrete 
example, we derived the supergravity background for D4-brane ending on a D6-brane, 
albeit only in the near horizon limit of the D6-brane background. This configuration 
is precisely that of a D4-brane Blon ending on the D6-brane. Unfortunately, the near 
horizon geometry of the D6-brane does not in any way correspond to a "decoupling limit" 
of some world volume field theory [19, 22], so the supergravity solution we derived in 
section 2 are not expected to capture any aspect of magnetic monopole solution of 6+1- 
dimensional gauge theory (whatever that may be). Nonetheless, for small g st and N, one 
can consider the full Born-Infeld dynamics of the D6-brane [4, 5], and infer the existence 
of a D4-brane Blon state. One of the main observation from the earlier work on Blons is 
the fact that the branes bend in a particular way to preserve the BPS condition. It would 
be very interesting to compare aspects of such a state to our supergravity configuration 
valid at large N. The fact that these configurations are BPS should allow some concrete 
comparison. 

Since the directions shared by the D4-brane and D6-brane are isometrics, one can 
easily T-dualize along these directions. This will give us a localized intersection of Dl- 
brane on D3-brane. Near horizon geometry of such a configuration will be of great interest 
since the gauge theory on D3-brane does decouple in the near horizon limit, and technique 
similar to ones employed in [17] should allow a direct comparison between supergravity 
solution and some aspect of the Prasad-Sommerfield magnetic monopole. In fact, the 
T-dualizing along the (1,2,3) direction leads to dramatic simplification in the form of the 
dilaton background 



which is closely related to the fact that in the absence of Dl-brane, the dilaton back- 
ground is constant. Unfortunately, T-duality for supergravity solution is only capable of 
recovering solutions smeared along the dual circle. Furthermore, decoupling and smearing 
are non- commutative operation. Therefore, we can not expect to recover any informa- 
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tion about 3+1 dimensional Prasad- Sommerfield monopole directly from our supergravity 
solution. 

We also discussed a general class 1 of M5-branes embedding along a curve (v — aw) N = 
b N which admits an analogous construction. We showed that in general, these curves 
describe a paraboloid in the near-horizon geometry of the D6-brane tensored with flat 3+1- 
dimensional worldvolume embedded along the longitudinal coordinates of the D6-brane. 
In a certain limit, this paraboloid degenerates in to a "string" like configuration terminated 
at the core of the D6-brane. In a certain sense, the paraboloid can be interpreted as an 
NS5-brane and its degeneration into string as a D4-brane. However, the background 
NSNS 6-form and RR 5-form do not to match this identification. It is possible that 
such an identification is only valid in the asymptotically flat region of space-time and is 
inapplicable in the near horizon region. 

The results reported in this paper are far from solving the long-standing problem of 
the spacetime background for all allowed brane intersections and junctions. Nonetheless, 
it is our hope that having explicit solution at our disposal, albeit in a very special case, 
will provide some useful hint or at least point in the right direction for future work. 
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